A continuous, 1ow-frequency, small-signal averaged model for the tapped-inductor boost converter with input filter is developed and experimentally verified, from which the dc transfer function and the small-signal line input and duty ratio input describing functions can easily be derived. A new effect due to storage-time modulation in the transistor switch is shown to explain observed excess filter damp ing resistance without associated loss in conversion efficiency.
INTRODUCTION
A method of modeling switching converter transfer functions has been described by Wester and Middlebrook [1] , and applied to the basic buck, boost, and buck-boost converters in the continuous conduction mode. The principle is to replace the several different, lumped, linear models that apply in successive phases of the switching cycle by a single lumped, linear model whose element values are appropriate averages over a complete cycle of their successive values within the cycle. The resulting "averaged" model permits both the input-to-output ("line") and duty ratio-to-output ("control") transfer func tions to be easily obtained for both dc (steady state) and superimposed ac (describing function) inputs. The nature of the model derivation inherently restricts the validity to fre quencies below the switching frequency, and model linearity is ensured by independent restriction of the superimposed ac signal to small amplitudes. The result is therefore a small-signal, low-frequency, averaged model.
The models obtained in [1] show that the line and control describing functions contain the anticipated low-pass LC filter response characterized by a pair of left half-plane poles and, if there is nonzero resistance in series with the capacitor, by a left half-plane real zero. The pole-pair positions are conveniently identified in terms of the filter corner fre quency and peaking factor, or Q-factor. Two results of particular significance for the boost and buck-boost converters are that the filter corner frequency and Q-factor both vary with steady-state duty ratio D and, even more impor tant, that the control describing function acquires a right half-plane real zero.
Several extensions and developments of the results of [1] are presented in this paper.
A small-signal, low-frequency, averaged model is derived for the tappedinductor converter, of which the original ("simple") boost converter is a special case.
At the same time, the circuit being modeled is extended to include the line input filter that is almost invariably present in a practical system, and the modeling process is refined to include a more accurate representation of the circuit losses that affect the Q-factor. The motivation for the modeling refinement was to explain measured Q-factors that were signifi cantly lower than predicted by the original model even when the most generous values for the physical loss-resistances were allowed. However, although the refined model did indeed predict lower Q-factors, the quantitative effect was still insufficient to explain the observed dis crepancies.
It turned out that a quite different effect was responsible for the lower Q-factor, namely, modulation of the storage time of the transistor switch. The physical cause-and-effect sequence is as follows: an applied small-signal ac modulation of the switch duty ratio causes a corresponding modulation of the current carried by the switch at the instant of turn-off, and a consequent modulation of the storage time. The result is that the actual switch output duty ratio modulation amplitude is different from the switch drive modulation amplitude. It may seem surprising at first sight that this effect would cause only a lowering of the Qfactor, without affecting any of the other qualitative or quantitative features of the model; nevertheless, this is indeed confirmed by the other principal extension presented in this paper: 2. A storage-time modulation effect in the switch is shown to result in an effective series resistance in the small-signal, low-frequency, averaged model of the tapped-inductor boost converter, whose presence lowers the apparent Q-factor of the low-pass filter characteristic contained in both the line and control describing functions.
Experimental results are presented for various conditions chosen specifically to expose the functional dependence of the model element values upon the several parameters, in order to maximize the degree of model verification there by obtained.
In addition to such quantitative verification, the following general conclusions are of particular interest:
1. The effective series resistance RM in the model due to transistor switch storage-time modulation lowers the filter Q-factor, but it does not lower the conversion efficiency; in other words it is only an apparent resistance and not an actual loss resistance.
The presence of an LC input filter can cause a serious modification of the control describing function. A dip in the magnitude
of the control describing function can occur in the neighborhood of the resonant frequency of the input LC filter. This dip is characterized by a complex pair of zeros in the control describ ing function. As the steady-state duty ratio is increased, as happens in normal regulation adjust ment of a closed-loop converter system, the complex pair of zeros cannot only reach the imaginary axis of the complex frequency plane, causing the dip in the magnitude response to become a null, but can move into the right half-plane causing a large amount of additional phase lag. A possible null in the control describing function magnitude response of course could severely degrade the performance, and the excessive phase lag could seriously affect the stability, of a closed-loop regulator system. The model presented here is useful in both the qualitative and quantitative design of such a system to guard against such disastrous eventualities.
DEVELOPMENT OF THE CONTINUOUS MODEL
The elements of a tapped-inductor boost converter are shown in Fig. 1 . An input filter, which would invariably be used in a practical system, is included between the supply voltage V q and the input of the converter itself. As far as the operation of the converter is concerned, and C s need be only the filter elements L s , R S , explicitly represented; the box around~the L $ is to imply that additional input filter elements may be present without affecting the nature of the converter operation. The resistances R § and R C in Fig. 1 Boundary conditions linking the wave forms in the two intervals depend upon the requirements that capacitance voltages and inductor ampere-turns cannot change instanta neously at the switching instants. Consequently, the voltages v $ and v c are continuous at the switching instants, whereas the output voltage ν has steps at the switching instants because of the drop in R c . Similarly, the inductor ampere-turns is continuous at the switching instants, and it is convenient to illustrate this in terms of a quantity i Ä defined as "ampere-turns per turn," also shown in Fig. 2 . Thus, i £ is continuous but the actual inductor current i s has steps of ratio n x at the switching instants. Identification of in is an important step in the derivation of the continuous model. Furthermore, this approach permits most of the analysis to be performed through successive transformations and reductions of circuit models; physical insight is thus better retained, and under standing made easier, than if analysis is performed entirely by algebraic manipulation. The result of this approach is an "averaged" model from which the two transmission charac teristics can be obtained for dc and for ac at frequencies below the switching frequency.
The objective is to combine the two separate linear models of the piecewise-linear model of Fig. 3 into a single linear model. The procedure consists of a number of steps in manipulation of the model, which will be presented here for a slightly simplified version of Fig. 3 in which R $ , R w , R v , Rj,and R ç are set equal to zero. This is done so that the method may be illustrated without the burden of extra elements and terms which merely complicate the diagrams and equations. The effects due to these temporarily discarded elements will, however, be restored into the final results.
Also, a number of comments concerned with the significance and interpretation of certain steps will be deferred until the end of the derivation.
Step 1. Draw separately the linear models of spite of the constant duty ratio base drive.
Since the transistor collector turn-off is delayed after the base turn-off drive by the storage time, a possible explanation of the effect is that the storage time is being modulated by the line ac signal. This could occur because the line ac signal modulates the current carried by the transistor during the ontime, and the storage time is dependent upon the collector current to be turned off.
In an attempt to establish a quantitative model of this effect, an obvious starting point is an expression for storage time t s as a func tion of the collector current Iç to be turned off, and of the base drive conditions. From well-known charge-control considerations, such an expression is [2]
in which τ is the base carrier lifetime in the saturated on" condition, Iß] is the forward base current just before turn-off, Iß£ is the turn-off (reverse) base drive, and 3 is the active current gain for the collector current Iq at the end of the storage time.
For typical turn-off overdrive such that Iß2 >> Ic/3 9 the log may be expanded to give
The original motivation for the model derivation including strict continuity of one of the variables in an averaged product, which leads to the appearance of R] and Ro, was to explain measured Q factors in both the line and control describing functions that were significantly smaller than those predicted in the absence of R] and Ro. However, although the improved model provided a qualitative change in the right direction, the quantitative lowering of the Q caused by the addition R-j and Ro was insufficient to explain the observed results. An entirely different effect, discussed in the next section, was found to be the cause of the observed low Q.
MODEL EXTENSION FOR STORAGE TIME MODULATION EFFECT
When a measurement of the ac line describing function is made in the tappedinductor boosf converter shown in Fig. 1 , an ac variation v g is superimposed on the line voltage V g and the transistor switch is driven from a modulator in such a way that the base drive is turned on and off with constant (dc) duty ratio, without any control signal ac modulation. As described above, such measurements showed a Q-factor significantly lower than could be accounted for by reasonable values of known parasitic loss resistance.
However, in the course of such measurements, it was noted that the transistor switch duty ratio at the collector was in fact being modulated by the injected line ac signal, in In the context of the tapped-inductor boost converter of Fig. 1 , the collector current to be turned off is the inductor current in the interval T s d, namely i s = n"i £ (Fig. 2) .
In general, the base drive duty ratio d B has dc and small-signal ac components dg = Dg + âo that contribute to the corresponding components = I £ + i Ä , so that, The dc and small-signal ac terms in the above equation represent respectively the dc and small-signal ac collector duty ratios D and α that were employed in the development of the continuous model of Fig. 10 . All that is necessary, therefore, to account for the collector storage time modulation effect is to substitute the above expressions wherever D and α occur in the model of Fig. 10 and the  associated equations (1) through (7) .
The dc substitution represents merely a small offset in the dc duty ratio, and is of no qualitative concern.
In the ac substitution, the term of importance is that in i£, so that the five ê and 3 generators of It is valid for both dc and small-signal ac with the proviso that the resistance R^ is to be included only in the ac model and not in the dc model. This is necessary because of the step by which the model of Fig. 13 was obtained from As will be seen, the larger part of the effective damping resistance R. is the modula tion resistance R^; the effective loss resistance Rj is therefore inaccurately deter mined from Rt, and is also inaccurately determined by calculation from the various parasitic resistances since they themselves are not accurately known.
It happens that the effective loss resistance can be determined directly by a dif ferent measurement in the circuit of Fig. 17 . As indicated, the transistor collector wave form, in the presence of v-j, is modulated both in amplitude and duty ratio.
If this wave form is put through a limiter, the output has constant amplitude and the same duty ratio modulation.
If the limiter output is applied to the analyzer input, the^nalyzer narrow-band voltmeter gives a reading V2 proportional to the duty ratio modulation. Hence, V2 is proportional to the actual collector duty ratio modulation, which is different from the base drive duty ratio modulation becuase of the storage-time^odulation effect, and so a mea surement of v/V2 in the circuit of Fig. 17 gives the control describing function that would exist if there were no storage-time modulation. The frequency response of this characteristic would therefore be predicted by the model of It is seen that good agreement is obtained between the measured results and the prediction of the model of Fig. 24 . From a practical point of view, the chief significance is that a minimum in the control describing function can exist as a consequence of the presence of an input filter, and for a certain dc duty ratio the minimum could become a null.
It is note worthy that a null can occur in spite of finite Q s (nonzero R ? ) in the input filter. Thus, if such a converter were part of a regulator, normal internal adjustment of the dc duty ratio could cause a null in the loop gain. Even more serious, values of dc duty ratio D greater than that for which the null occurs lead to a very large phase lag at high frequencies, much larger than for smaller values of D. This is a consequence of the movement of the complex zero pair from the left half-plane to the right half-plane. Therefore, very severe regulator stability problems could be experienced unless great care is exercised in the design.
CONCLUSIONS
A small-signal, low-frequency, averaged model for the tapped-inductor boost converter with input filter has been developed and experimentally verified.
The general model is shown in Fig. 13 , and from it the dc transfer function and the ac line and control describing functions can be obtained.
The model of Fig. 13 is obtained principally by manipulations of the circuit diagrams rather than by algebraic analysis, so that physical insight into the significance of the steps is retained throughout the derivation. In the absence of an input filter, the ac line and control describing functions are characterized by an effective low-pass filter described by a pair of left half-plane poles and a left half-plane zero; the control describing function has in addition a right half-plane zero. The positions of the poles and of the right half-plane zero change with dc duty ratio D.
The method of derivation of the averaged model is a refinement of that described for the simple boost converter in [1] ; the refinement leads to a more accurate representation of the parasitic loss resistances in the model, and was an attempt to explain experimentally measured values of the effective filter Q-factor that were substantially lower than those predicted by the original model. However, it was found that this refinement provided insuf ficient quantitative correction, and that instead an entirely different effect was responsible for these lower Q-factors.
This new effect is shown to be due to storage-time modulation in the transistor power switch, in which the effective duty ratio modulation at the collector is different from the driving duty ratio modulation at the base. The model of Fig. 13 incorporates this effect in a modulation resistance R|v|, which is shown enclosed in an oval as a reminder that it is to be included in the ac model only. The significance of this result is that the modulation resistance Rjv| contributes to the effective filter ac damping resistance but does not contribute to the effective dc loss resis tance; consequently, the filter Q-factor is lowered, but the converter efficiency is un affected, by the presence of the modulation resistance R^. This result maybe considered a rare exception to Murphy's law, since the storage-time modulation effect produces a desirable damping effect without an associated undesirable loss of efficiency. 
Experimental measurements of both

